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A NOTE ON BERNSTEIN PROPERTY OF A FOURTH ORDER
COMPLEX PARTIAL DIFFERENTIAL EQUATIONS
SAI¨D ASSERDA
Abstract. For a smooth strictly plurisubharmonic function u on a open set
Ω ⊂ Cn and F a C1 nondecreasing function on R∗+, we investigate the complex
partial differential equations
∆g log det(uij¯) = F (det(uij¯))‖∇g log det(uij¯)‖2g,
where ∆g, ‖.‖g and ∇g are the Laplacian, tensor norm and the Levi-Civita
connexion , respectively, with respect to the Ka¨hler metric g = ∂∂¯u. We show
that the above PDE’s has a Bernstein property, i.e det(uij¯) = constant on Ω,
provided that g is complete, the Ricci curvature of g is bounded below and F
satisfies inft∈R+(2tF
′
(t) + F (t)
2
n
) > 14 and F (maxB(R) detuij¯) = o(R).
1. Introduction
In this note, we investigate a class of fourth order complex nonlinear partial
differential equations for a strictly plurisubharmonic function u on a open set
Ω ⊂ Cn :
∆g log det(uij¯) = F (det(uij¯))‖∇g log det(uij¯)‖2g (1.1)
where ∆g, ‖.‖g and ∇g are the Laplacian, tensor norm and the Levi-Civita con-
nexion , respectively, with respect to the Ka¨hler metric g = ∂∂¯u. For n ≥ 2, the
equation (1.1) is the Euler-Lagrange equation of the variational problem of the
functional
VΦ(u) =
∫
Ω
Φ(det(uij¯))dVe (1.2)
for some Φ ∈ C4(R∗+). If Φ(t) = t1−β, β 6= 1, the Euler-Lagrange equation of VΦ
is
∆g log det(uij¯) = β‖∇g log det(uij¯)‖2g (1.3)
In [1], Chen and Li showed the following Bernstein property of the solution of (3)
Theorem 1.1. Let Ω ⊂ Cn and u ∈ C2(Ω) a strictly plurisubharmonic solution
of (3). Assume that
(i) (Ω, g) is complete,
(ii) Ric(g) ≥ −C1 (K ≥ 0),
(ii) det(uij¯) < C2
where C1, C2 > 0 are real constants. If β >
√
9n2+4n+3n
4
then
det(uij¯) = const on Ω.
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For more details about Bernstein property, one can see the paper [1] and ref-
erences therein. In this note, we will show a Bernstein property of the solutions
of (1.1). Our main result is the following.
Theorem 1.2. Let Ω ⊂ Cn be an open set and u ∈ C2(Ω) a strictly plurisubhar-
monic solution of (1). Assume that
(i) (Ω, g) is complete,
(ii) Ric(g) ≥ −K (K ≥ 0),
(ii) F ∈ C1(]0,+∞[) nondecreasing satisfying
inf
t>0
(
2tF
′
(t) +
F (t)2
n
)
>
1
4
and F (max
B(R)
det(uij¯)) = o(R) (1.4)
where B(R) = {z ∈ Ω, dg(z, z0) < R}. Then det(uij¯) is constant on Ω.
If F (t) = β, the following corollary extends theorem (1.1).
Corollary 1.3. Let Ω ⊂ Cn be an open set and u ∈ C2(Ω) a strictly plurisubhar-
monic solution of (3). Assume that (Ω, g) is complete and Ric(g) ≥ −K (K ≥ 0).
If |β| >
√
n
2
then det(uij¯) is constant on Ω.
Example. Example of function F which satisfies conditions of Theorem 1.2 :
1- F (t) = log2α t where α ∈]α0(n), 12 ], α0(n) > 0.
2- F (t) = (log t) log(α + (log t)2) where α > e
1
4 .
3- F (t) = f(log t) where f is a solution of the Riccati equation 2y
′
+ y
2
n
= α, α > 1
4
.
2. Proof of theorem 1.2
Proof. We denote Ψ = |∇U |2 where U = log det(uij¯) and f(t) = F (et). By
Bochner formulae
∆gΨ = 2f
′
(U)Ψ2 + f(U)(< ∇gΨ,∇gU > + < ∇gU,∇gΨ >)
+
∑
uij¯ukl¯Uil¯Uj¯ l¯ +
∑
uij¯ukl¯Uil¯Uj¯k +
∑
uij¯ums¯Uil¯UmUj¯Ris¯ (2.1)
where (uij¯) is the inverse matrix of (uij¯) and Ris¯ is the Ricci curvature of g
Ris¯ = −∂
2 log det(ukl¯)
∂zi∂z¯s
=
∂2 logU
∂zi∂z¯s
Let z ∈ Ω fixed, we can choose a normal coordinates (z1, · · · , zn) at z such that
uij¯ = δij, U1 = U1¯, Ui = Ui¯ = 0, ∀i > 1
At z the formulae (2.1) become
∆gΨ
Ψ
= 2f
′
(U)Ψ +(f(U)− 1
2
)(
Ψ1
Ψ
U1¯ + U1
Ψ1¯
Ψ
) +
1
2
(
Ψ1
Ψ
U1¯ + U1
Ψ1¯
Ψ
)
+
∑
UikUj¯k¯
Ψ
+
∑
Uik¯Ui¯k
Ψ
− U11¯U1U1¯
Ψ
(2.2)
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Since
∑
UikUi¯k¯ ≥ U11U1¯1¯ and
1
2
(
Ψ1
Ψ
U1¯ + U1
Ψ1¯
Ψ
)− U11¯U1U1¯
Ψ
=
1
2Ψ
2ℜ(U11U1¯U1¯
≥ U11U1¯1¯
Ψ
− 1
4
Ψ
we obtain
1
2
(
Ψ1
Ψ
U1¯ + U1
Ψ1¯
Ψ
)− U11¯U1U1¯
Ψ
+
∑
UikUi¯k¯
Ψ
≥ −1
4
Ψ (2.3)
Let G be the function defined on B(R) = Bg(z0, R) by
G(z) = (R2 − r(z)2)2Ψ
where r(z) = dg(z, z0). Since G vanishes at the boundary ∂B(R), the maximum
of G is attained on w ∈ B(R). By maximum principle
∇gG(w) = 0
∆gG(w) ≤ 0
A computation at w gives
Ψi
Ψ
=
4rri
R2 − r2 (2.4)
∆gG = 2Ψ‖∇g(R2 − r2)‖2 + 2(R2 − r2)Ψ∆g(R2 − r2)
+2(R2 − r2)
∑
(R2 − r2)iΨi + (R2 − r2)2∆gΨ
= 2Ψr2‖∇gr‖2 − 2Ψ(R2 − r2)∆gr2 + (R2 − r2)2∆gΨ
−4r(R2 − r2)
∑
i
riΨi ≤ 0 (2.5)
Since ‖∇gr‖g = 1, (2.4) and (2.5) implies
∆gΨ
Ψ
≤ 2∆gr
2
R2 − r2 +
14r2
(R2 − r2)2 (2.6)
Let η > fixed such that inft∈R(2f
′
(t) + f(t)
2
n
) > 2η + 1
4
. By Shwarz inequality
(f(U)− 1
2
)(
Ψ1
Ψ
U1¯ + U1
Ψ1¯
Ψ
) = 2ℜ(U1
4rr1(f(U)− 12)
R2 − r2 )
≥ −ηΨ− 16(f(U)−
1
2
)2r2
η(2−r2)2 (2.7)
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Since ∆U = f(U) we have∑
Uik¯Ui¯k
Ψ
≥
∑
(Ui¯i)
2
Ψ
≥ (
∑
Ui¯i)
2
nΨ
=
(∆U)2
nΨ
=
f(U))2
n
Ψ (2.8)
The inequalities (2.2), (2.7) and (2.8) give
∆gΨ
Ψ
≥ ηΨ− 16(f(U)−
1
2
)2r2
η(R2 − r2)2 (2.9)
By Laplacian comparison theorem [3] : ∆gr
2 ≤ 2n+2(n−1)√Kr. Since |f(U)−
1
2
|2 ≤ 2f(U)2 + 1
2
and f is nondecreasing, the inequalities (2.6) and (2.9) give on
B(R)
(R2 − r2)2Ψ ≤ G(w) ≤ C1(1 +R)R2 + C2(f(max
B(R)
U))2R2
Hence if z ∈ B(R/2), we have
Ψ(z) ≤ C11 +R
R2
+ C2
(
f(maxB(R) U)
R
)2
Since (Ω, g) is complete, letting R to infinity, we obtain Ψ(z) = ‖∇gU(z)‖2 = 0
i.e det(uij¯) = C on Ω. 
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